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Ideals, varieties, stability, colorings and
combinatorial designs *

Javier Muiioz ! Felii Sagols 2 Charles J. Colbourn 3

Abstract
A combinatorial design is equivalent to a stable set in a suitably
chosen Johnson graph, whose vertices correspond to all k-sets that
could be blocks of the design. In order to find maximum stable sets
of a graph G, two ideals are associated with G, one constructed
from the Motzkin-Strauss formula and one reported by Lovasz in
connection with the stability polytope. These ideals are shown to
coincide and form the stability ideal of G. Graph stability ideals
belong to a class of 0-1ideals. These ideals are shown to be radical,
and therefore have a strong structure.

Stability ideals of Johnson graphs provide an algebraic char-
acterization that can be used to generate Steiner triple systems.
Two different ideals for the generation of Steiner triple systems,
and a third for Kirkman triple systems, are developed. The last
of these combines stability and colorings.
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1 Introduction

Our main objective is to establish links between design theory and al-
gebraic geometry through the use of ideals and Grobner bases. We
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concentrate on Steiner triple systems because they are simple designs
with well known properties; however, the algebraic geometry techniques
that we use can be easily translated to other designs.

Let us start defining the fundamental objects and concepts from
design theory, graph theory and algebraic geometry with which we work.
A mazimum packing by triples (MPT or MPT(n)) of order n > 0 is a
maximum cardinality set of triples in {0,...,n—1} such that every pair
i,7 €{0,...,n—1} is in at most one triple. MPTs exist for every n > 3.
When n = 1,3 (mod 6), an MPT(n) is a Steiner triple system (STS
or STS(n)); in this case, every 2-subset of elements appears in exactly
one triple.

All graphs considered here are simple. Let v, ¢, and ¢ be fixed
positive integers with v > ¢ > i. Let 2 be a cardinality v set. Define
a graph J(v,¢,i) as follows. The vertices of J(v,¢,i) are the ¢-subsets
of 2, two £-subsets being adjacent if their intersection has cardinality 3.
Therefore, J(v,¢,) has (2) vertices and it is a regular graph with valency

(f) (z:f). For v > 2¢, graphs J(v,¢,¢ — 1) are Johnson graphs [11].

One of the main methods that we use to characterize MPT(n)s con-
sists of finding stable sets (or independent sets) in J(n,3,2). A stable
set S of a graph G is a subset of vertices in V(G) containing no pair of
adjacent vertices in (G. The maximum size of a stable set in G is the
stability number of G, denoted by a(G).

The stability polytope of a n-vertex graph G is the convex hull of
{(zo,...,xn—1) | x; =1lorxz; =0and {i € V(G) | x; = 1} is a stable
set of G}.

We also use vertex colorings. A X\ wvertex coloring (or coloring for
short) of a graph G (where X is a positive integer) is a function c :
V(G) — {1,..., A} such that (v,w) € E(G) if and only if ¢(v) # c(w).
The minimum value of A for which a A coloring of G exists is the chro-
matic number of G, denoted by x(G).

We introduce some algebraic structures. For k a field, k[x] = k[xy,
..., ZTp| is the polynomial ring in n variables. A subset I C k[x1,...,zy]
is an ideal of k[x1, ..., x,] if it satisfies 0 € I; if f,g € I, then f+g € [;
and if f € I and h € k[zy,...,x,] then hf € I. When f1,..., fs are
polynomials in k[x1,...,x,]| we set

(fi, o fs) = {Zhifi
=1

Then (fi,..., fs) is an ideal (see [7]) of k[x1, ..., xy,], the ideal gener-

hl,...,hSEk?[:El,...,l‘n]}.
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ated by fi1,..., fs. One remarkable result, the Hilbert Basis Theorem [7],

establishes that every ideal I C k[z1,...,x,] has a finite generating set.
The monomials in k[x] are denoted by 2® = z{*x5* - - - z%; they are
identified with lattice points a = (aq, ..., a,) in N” where N is the set of

nonnegative integers. A total order < on N" is a term order if the zero
vector is the unique minimal element, and a < b impliesa+c <b +c
for all a,b,c € N”.

Given a term order <, every nonzero polynomial f € k[x] has a
unique initial monomial, denoted by in<(f). If I is an ideal in k[x],
then its nitial ideal is the monomial ideal in(I) := (in<(f) : f€I).

The monomials that do not lie in in<(I) are standard monomials.
A finite subset G C [ is a Grobner basis for I with respect to < if
in<(I) is generated by {in<(g) : g € G}. If no monomial in this set is
redundant, the Grébner basis is unique for I and <, provided that the
coefficient of in<(g) in g is 1 for each g € G.

A finite subset U C I is a universal Grobner basis if U is a Grobner
basis of I with respect to all term orders < simultaneously.

A field k is algebraically closed if for every polynomial f € k[z] in
one variable, the equation f(x) = 0 has a solution in k. Every field k
is contained in a field k that is algebraically closed and such that every
element of k is the root of a nonzero polynomial in one variable with
coefficients in k. This field is unique up to isomorphism, and is the
algebraic closure of k.

Given a subset S C k[x1,...,z,], the variety Vi(S) in k™ is

Vi(S) = {(a1,...,a,) € K™ | flai,...,an) =0 for all f € S}.

If1={fi,...,fs) Cklx1,...,z,] then

Vi) = {(a1,...,an) €K™ | filar,...,a,) =0, 1 <i < s}
= Vi({f,..-. fs})-

One of the most remarkable results in algebraic geometry is the follow-
ing.

Theorem 1.1 (Weak Hilbert Nullstellensatz [12]). Let I be an ideal con-
tained in klx1, ..., xy]. Then Vi(I) =0 if and only if I = k[z1,...,xp].

We may use this theorem to demonstrate that some designs do not
exist, by proving that they correspond to varieties of ideals whose re-
duced Grobner basis is {1}, or equivalently that I = k[x1,...,z,] and,
by the weak Hilbert Nullstellensatz, the variety is empty.
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These are the fundamental objects employed, and more specific def-
initions are introduced as needed. With the exception of the ideals
introduced in Section 7, we use the field of rational numbers. When an
algebraic closed field is needed, the complex numbers are used instead.
Computations for Grébner basis ideals are done in Macaulay 2 [9].

The paper is organized as follows. In Section 2 an ideal to gener-
ate stable sets based on the Motzkin-Strauss formula [16] is first intro-
duced. Then, a general ideal introduced by Lovéasz [15] which has been
extensively used for the generation of stable sets in graphs is described.
Both ideals are examples of 0-1 ideals, a recently introduced class hav-
ing combinatorial applications beyond stability [19]. These ideals are
shown to be radical, and consequently the equality of the two ideals
is established. Section 3 introduces basic properties of stability ideals.
In Section 4 the stability ideal of J(n,3,2) is determined and used to
build MPTs; difficulties to solve the equations involved are explored,
and potential means to generate MPTs with restrictions are examined.
In particular, a modification of the stability ideal of J(n,3,2) is shown
to generate anti-Pasch MPTs. Section 5 introduces two new ideals to
generate MPTs that use colorings instead of stable sets. Section 6 in-
troduces an ideal to generate Kirkman triple systems that employs a
mixture of techniques based on stable sets and on colorings. Section
7 explores parametric generation of MPTs. Finally, in section 8 some
concluding remarks are made.

2 Stable sets and ideals

Combinatorial and algebraic aspects of the stable set problem have been
extensively studied. One of the most interesting connections is given by
the Motzkin-Strauss explicit formula for a(G) [16]:

Theorem 2.1. Let G = (V, E) be a graph. Then

Z 1'1':1,.%'20

1€V (GQ)

(1) 1-— a(lG) = max Q.Z T
i,j¢E

The Motzkin-Strauss formula enables one to determine part of the

structure of the stability polytope, and consequently to prove several

results in extremal graph theory, including Turén’s Theorem. In (1),

a(@) is determined by an optimization problem which at first sight

might be solved by Lagrange multipliers. Unfortunately the objective
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function reaches its maximum at the feasible region boundary and out
of this region it is unbounded. We can circumvent this problem by
squaring each variable to get a different version of the Motzkin-Strauss
formula that still yields a(G):

> ui=1

1 § 2,2
i€V (Q)

Lagrange multipliers can be used for (2). Make the objective func-
tion’s gradient equal to a multiplier A times the restriction function’s
gradient to obtain the system of equations:

(3) dy; > yi = 2y for each i € V(G),
JEV(G)iig B

dou =1

1€V (G)

This system has several solutions that do not maximize (2). Lovész
[15] characterizes the set of maximum solutions for (1): Any vector x
maximizes the right hand side if and only if x has a stable set as support
and if x; # 0 for some ¢ € V(G) then z; = 1/a(G). Let y be an optimal
solution to (2) such that y; > 0 for every j € V(G). From (3), if y; # 0
then

a(G) -1 1 aG)-1

a(G)\/a(G) a(G) oG jevg)%z‘,j@ ’
a(G)

So, a solution of (3) is a maximum of the objective function in (2)
if and only if A = 2a§51. If we substitute this value in (3), substitute

z = y?a(G), and introduce the equations z;(z; — 1) = 0 to restrict the
values of z; to 0 or 1, then we transform (3) into

zi(zi—1) = 0 for each i€ V(G),
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@z Y. z—alG)+1) = 0foreachic V(G),
JEV(G)ijg B

Z zi—a(G) = 0.

eV (Q)
This yields:

Proposition 2.2. The graph G has stability number at least e if and
only if the following zero-dimensional system of equations

2 —x; = 0 foreverynodeic V(G),

(5)  xi( Z zj—e+1) = 0 foreachicV(G),
JEV(G)ij¢E

n
g z,—e = 0,
i=1

has a solution. The vector x is a solution of (5) if and only if the support
of x is a stable set.

The ideal generated by the polynomials in (5) is the Motzkin-Strauss
ideal of G, denoted by MS(G).
A second approach was introduced by Lovész [15].

Proposition 2.3 (Lovész). The graph G has stability number at least
e if and only if the zero-dimensional system of equations

z?—x; = 0 foreverynodeic V(G),
(6) zix; = 0 foreveryedge {i,j} € E(G),

n
E r;—e = 0,
i=1

has a solution. Vector x is a solution of (6) if and only if the support
of x is a stable set.

Proof. If there exists some solution x to these equations, the identities
x? — x; = 0 ensure that all variables take values only in {0,1}. The
set S = {ix; = 1} is stable because equations z;x; = 0 guarantee that
the end points of any edge in E(G) cannot belong simultaneously to S.

Finally, the cardinality of S is e by the last equation. O

The ideal generated by the polynomials in (6) is the stability ideal of
G, denoted by S(G). As Lovasz [15] explains, solving (6) appears to be
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hopeless but he uses S(G) to write alternative proofs of several known
restrictions on the stability polytope.

A quick comparison of S(G) and MS(G) demonstrates that the
ideals are close; actually their generators only differ in the polynomials
defined in terms of E(G). However the generators of both ideals contain
the polynomials 27 — x; for i € V(G). This condition confers on them
a strong structure that we can generalize by introducing a bigger class
of ideals containing them.

Let I be an ideal in k[x1,...,2,]. Then I is a 0-1 ideal if {23 —
T1,7% — 29,...,22 — x,} C I. Ideals S(G) and M S(G) are 0-1 ideals.
Our objective now is to prove that 0-1 ideals are radical, with the con-
sequence that the Motzkin-Strauss and stability ideals are the same for
any graph G.

For a polynomial f € k[zy,...,x,] write f = p]*p5? - - - pbr where the
polynomials pi*p5? - - - py are irreducible. Polynomial f* = pipa---pm
is the square free part of f. Polynomial f is square free if and only if
f=r.

If M is an additive group, for a natural number n and an element a of
M, na denotes the n-ple sum a+- - -+a of a (the addition of a, n times).
Under the notation, we define the characteristic of a ring k, denoted
chart(k) as follows. Consider the set D = {n € N|jna = 0 for every a €
k}. If D is empty, then the characteristic of k is defined to be zero,
otherwise, the least number in D is defined to be the characteristic of
k. The next result is due to A. Seidenberg.

Lemma 2.4. [2, pages 341-342, 8.2] Let k be a field and let I be a
zero-dimensional ideal of k[z1,...,xy,], and assume that for 1 < i <mn,
I contains a polynomial f; € klz;] with ged(fi, f/) = 1. Then I is an
intersection of finitely many mazximal ideals. In particular, I is then
radical.

Proposition 2.5. [1] Let I be a zero-dimensional ideal and G be the
reduced Grébner basis for I with respect to the lex term order with x1 <
To9 < -+ < xy. Then we can order gi,...,g: such that g1 contains only
the variable x1, go contains only the variables x1 and xo and Ip(ge2) is a
power of xa, g3 contains only the variables x1, To and x3 and lp(gs) is
a power of x3, and so forth until g,.

Here Ip(g) stands for the leader power of the polynomial g.

Theorem 2.6. Let k a field and I a 0-1 ideal in klx1,...,xy,] then I is
a radical ideal.
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Proof. Let G be the reduced Grobner basis for I. If 1 € G, by Theorem

1.1 I = k[x1,...,2,], and hence I = v/I. Now we consider the case
when [ is zero-dimensional. Since for each i = 1,...,n, I contains the
univariate polynomial f; = z? — z; satisfying ged(f;, f/) = ged(x? —

x;,22; — 1) = 1 the result follows from Lemma 2.4. O

Theorem 2.7 (Strong Hilbert Nullstellensatz). I(Vi(I)) = /I for all
ideals I of klz1,...,zy].

As a consequence, two ideals I and J correspond to the same variety

(Vi (I) = V;(J)) if and only if T = v/J.
Proposition 2.8. For G a graph, S(G) = M S(G).

Proof. By Theorem 2.6 S(G) and M S(G) are both radical. By Propo-

sitions 2.2 and 2.3 these two ideals correspond to the same variety.

Finally, by Theorem 2.7 both ideals coincide. g
Note that Proposition 2.8 is valid for all field k.

This gives two names and two ways to designate the same ideal, so
henceforth the terminology of stability ideal and S(G) is used. All ex-
tremal graph theory results implied from the Motzkin-Strauss formula
and those about the stability polytope can be established now from
S(G). This is one reason why S(G) is important. The relevance of
0-1 ideals goes beyond stability. They help to solve problems like find-
ing hamiltonian cycles in graphs and other combinatorial problems. A
detailed presentation appears in [19].

3 Stability ideal and Grobner basis

In this section we study basic properties of the stability ideal of a graph
G from the point of view of its Grobner basis. In an implicit way we
use S-polynomials and Buchberger’s algorithm for the calculation of
reduced Grébner basis; see [1] for details. The S-polynomial of two
polynomials f and g in k[z1,. .., z,], denoted S(f,g), is the polynomial
S(f,9) = lcm(i?fn(f)(.’gi;“(g)) ) f- lcm(m;ff)(g“.(g)) - g. The lem is the least
common multiple in relation to the monomial order <.

We separate the generators of S(G) into sets of polynomials P;(G)

and P> (G):

(7) Pi(G) = {af —wili e V(G J{wiajli.j € B(@Q)}
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(8) P(G) = { ) zi—e}

1€V(Q)

Proposition 3.1. Let G be a graph. Then Pi(G) is the reduced Grébner
basis of (P1(G)) with respect to any monomial order.

Proof. Buchberger’s algorithm starts with P;(G) as initial basis. For
every i,j,k, 0 € V(G) with i # j and k # ¢, S(zsxj, xpxy) = 0. If

i # j then S(2? — x;, x;25) = —x;x5. If 4,7 and k are pairwise different
S(x? — wi,xjxy) = —xizjay. Finally, if i # j then S(z? — xi,x? -
xj) = —acz(nvj2 — xj). No new polynomial should be added into the

basis because any possible S-polynomial is zero or reduced to zero with
respect to P;(G). We conclude that P;(G) is a reduced Grobner basis.
The monomial order is irrelevant. g

Corollary 3.2. For any G the set P1(G) is an universal Grobner basis
of (P1(G)).

This fact is a direct consequence of the following result [13].

Lemma 3.3. Let F = {f1, fo, ..., fx} be a set of polynomials in k[x1, . ..
, ] such that polynomial f; is a product of linear factors and for any

permutation 7 of {1,...,n} we have w(fi(z1,...,20)) = fi(T1),---
s Trmy) € F. If Fis a Grébner basis for the ideal (F') with respect to
the lexicographic monomial order induced by x1 > xo > --- > x, then

F is a universal Grébner basis for the ideal (F).

The set of polynomials P;(G) is the reduced Grobner basis of (P
(@)) and P»(G) is the reduced Grobner basis of (P2(G)); actually both
of them are universal, but when we try to calculate the Grébner basis
of the S(G) = (P1(G) P2(G)), the number of S-polynomials calcula-
ted by Buchberger’s algorithm increases exponentially. Proposition 3.4
explains this behavior.

Proposition 3.4. The Grébner basis of S(G) with respect to the term
order e < g < 11 < -+ < Z|y|—1 contains the polynomial e(e — 1)(e —

2)... (e — a(@)).

Proof. By Proposition 2.5 there exists a polynomial g; in the reduced
Grobner basis of S(G) such that g; is the generator of S(G)Nk[e]. Since e
represents the size of the stable set this variable can be assigned to one of
the values 0, 1,...,a(G). Note that g1(i) = 0 when i € {0,1,...,a(G)}
and ¢1(i) # 0 when ¢ ¢ {0,1,...,a(G)}. The polynomial e(e — 1)(e —



50 J. Muioz, F. Sagols and C. J. Colbourn

2)--- (e — @(G)) has minimum degree and roots 0,1,...,a(G). Thus
g =ele—1)(e—=2)--- (e — a(G)). O

If we calculate a Grobner basis for S(G), in an implicit way we
are calculating o(G): Look for the polynomial in the basis containing
e. This polynomial has degree o(G) + 1. Because the calculation of
the stability number of a graph is NP-hard, unless P = N P, we cannot
expect a polynomial time method to generate the Grobner basis of S(G).
However we can use this ideal to do direct deductions related to stability.

4 Stability ideal for J(n,3,2) and MPTs

Maximum size stable sets in J(n, 3,2) correspond to MPT(n)s. In this
section we construct the generators of S(J(n,3,2)) and discuss some
properties of this ideal and its Grobner basis.

Let n > 3 be an integer, and let A be a 4-set contained in Q =
{0,...,mn—1}. Any pair of triples in A is an edge in J(n,3,2). In other
words, the subgraph of J(n,3,2) induced by the triples contained in A
is isomorphic to K4. We denote this subgraph by K 4.

Proposition 4.1. Let n be a positive integer. The family

{E(KA)}A 15 a 4-set in Q
is a partition of E(J(n,3,2)).

Proof. Let e be an arbitrary edge in E(J(n,3,2)), e = ({wo, w1, wa},
{wp, w1, ws}) for some wy, wi, we and w3 which are pairwise different
elements in Q. Then e belongs to E( Ky w; ws,ws}) and

E(J(n,3,2)) C Upc(a-sets in o £ (Ka)-

Let A be a 4-set contained in €2 and let e be an edge of K 4. There are
two different triples 4; and As contained in A such that e = (A;, As).
We have that 4 = |A1UAs| = |A1]|+]|A2|—]A1NA2| and thus [A;NAs| = 2
or equivalently e € E(J(n,3,2)). Thus E(K4) C E(J(n,3,2)).

Finally, let B; and Bs be different 4-sets contained in €2, then
E(Kp,) N E(Kp,) = 0. Suppose to the contrary that there is an edge
e in the intersection of both sets. Let A; and Ay be triples in 2 such
that e = (Aj, Aa), then A1 U Ay = By given that e € E(Kp,), but
A1 U Ag = By because e € E(Kp,), but that is a contradiction. Thus

{E(KA)}A is a 4-set in Q
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is a partition of E(B(n)). O
We can use this proposition to construct the generators of S(J(n, 3,

2)).

Corollary 4.2. Let n > 4 be a positive integer. Then

Pi(J(n,3,2)) = {24 —za|AC{0,....,n—1}
9) and |A| = 3} {waxp|lA, BCH{0,...,n—1},
|Al =|B| =3 and |AU B| =4}
Py(J(n,3,2) = { > zp—e)}.
ACTriples({0,...,n—1})
The ideal generated by the polynomials in (9) is the stability Steiner
ideal of order n. We have an algorithmic approach for its construction.

Algorithm 4.1. Construction of the generators of S(J(n,3,2))
Input: An integer n > 4.

Output: The set P of polynomials generating S(J(n,3,2)).

Method

1. P« 0

2. f+0

3. for i« 1to (g)

4. a < combination(n,3,17)

5. P+ PU{2,0 ap)ai2) — Tlalolall a2} }
6. f = J+ Zafol alt).al2))

7. fori<+1to (Z)

8. a <« combination(n,4,i)

9. P« PU{Z{1)a2),a3]}T{al0],a[2]a[3]} }

[ J,al2].al
P = P U{(aq1],a[2],a[3} T {a[0] a[1],al3]} }
P P UA{Z{ap1),af2],a[3)}4{al0).al1] al2]} }
P = P UA{Z{a[0),0[2],a[3)}%{al0].al1] al3]} }
J,al2l.af J,alLlal
J,altlal J,alllal

—_ =
=)

—
N

13. P P U{2{a0],af2],a[31} {al0]al1).al2)} }
14, P« PU{Z(a[0]a[1]a[3)} T {al0]al1]a[2]} }
15. P« {f —e}

16. return P

a
all],a
a
a

Here “combination(n, k,4)” generates (in some order) the i-th k-set
contained in (.
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The complexity of Grobner basis computation depends strongly on
the term ordering. The best one is reported to be degree-reverse-
lexicographical [1]; for this ordering, the computation of the Grébner
basis of the system of polynomial equations of degree d in n variables
is polynomial in d"” if the number of solutions is finite [4, 5]. The time
needed to compute an MPT(n) is therefore polynomial in 27* . Indeed
this suffices to find all possible MPT(n)s. However when n is small
enough we can hope to do successful calculations to prove in “an auto-
matic way” (through the Nullstelensatz Hilbert Theorem) conjectures
about MPTs satisfying specific conditions.

We implemented this method in Macaulay 2. We adopted some
heuristics, described next, that make the program faster, and use less
memory to allow the computation for larger values of n.

1. Substitute the variable e in the generating set of S(J(n,3,2)) by
the constant value of a(J(n,3,2)) in order to simplify computa-
tion. See [4, 5].

2. Always make the polynomials homogenous. Use reverse degree-
reverse-lexicographical monomial order [1].

3. Restrict the MPTs to be generated. There is no lost of generality if
we assume that the MPTs contain the triples {0, 1,2}, {0, 3,4}, {0,
5,6},...,{0,n —2,n — 1} and {1,3,5} (assuming that n is odd).
Of course, we are not working with S(J(n,3,2)) anymore, but
we omit only systems isomorphic to those found. To enforce the
presence of these triples, include in the generators the polynomials
Tio12y — L, Tp0341 — 1,. .., Tf1,35) — 1. Some further pruning can
be done if we consider the combined presence of other triples, for
example, the pair {2,3} could belong without loss of generality
only to the triple {2,3,6} or to the triple {2,3,7}. To do this,
adjoin to the generator set the polynomial z (5 3 6y +x (2373 —1. We
can continue with this process as desired to make the process faster
and reduce the number of resulting MPTs. Taking this process to
the extreme yields a full enumeration of the nonisomorphic MPTs.

4. Impose further restrictions when possible. For example, to build
an anti-Pasch MPT (one not containing a copy of the MPT(6)), let
a be an array containing a 6-subset of {0,...,n — 1}. Including

T {al3],al4),0[5]}¥{al1],a[2),a[5]} F{al0] a[2).a[4]} F{al0] al1},a[3]} With the gen-
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erators of S(J(n,3,2)) prevents the Pasch

{a[3], al4], a[5]}, {a[1], a[2], a[5]}, {a[0], a[2], a[4]}, {a[0], a[1], a[3]}

from appearing in the MPTs. The other 23 monomials of this form
must be included for the 6-set in a. A total of (g) 24 monomials
must be included in order to ensure that the MPTs generated are
anti-Pasch.

Despite these heuristics, computation is far too time-consuming. Be-
ing optimistic, with a supercomputer and these heuristics, we may reach
values of n as big as 21. Bigger values appear to be hopeless at present.

This time consumed by this method is not very different from brute
force algorithms. Why we would prefer to use the stability ideal and
a program such as Macaulay 27 The answer is simple: Some conjec-
ture is false when the number one enters the Grobner basis. Macaulay
2 can in principle produce the sequence of calculations involved. The
reductions and computations of S-polynomials involved is a formal de-
duction, while with brute force algorithms additional work is required
to get a mathematical proof. On the other hand, when a conjecture
is true, the Grobner basis calculation provides a full description of the
associated geometric variety. Moreover, the strong structure of the ide-
als, if understood well, may permit direct inferences without using the
Buchberger algorithm. Sturmfels [20] used a similar development on
polytopes in combinatorial optimization applications. At the moment,
it is speculative that such structural results can be obtained.

5 Colorings and Steiner Triple Systems

Generation of MPTs from stability ideals is natural and could be ex-
tended to other designs. Now we turn to a different approach. Stability
and colorings are closely related concepts because vertices in a colour
class form a stable set. In this section we use colorings to construct
STSs. First, we introduce a well known ideal to find a A coloring of
a graph G provided that A is known in advance. Then we use two
variations of this ideal to construct ST'Ss.

Lemma 5.1 (Loera [14]). Let G be a graph on n vertices, and let \
be a nonnegative integer.The graph G is A-colorable if and only if the
zero-dimensional system of equations in Clzy, ..., xy)

(10) z} —1=0, for each vertex i € V(G),
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(1) 2} 22 4 - :c;‘_l =0, for each edge {i,j} € E(G),

has a solution. Moreover, the number of solutions equals the number of
distinct \-colorings multiplied by A!. O

The coloring ideal of A and G is the ideal I)\(G) of Clxy ..., zy]
generated by the polynomials in (10) and (11).

Note that by Theorem 2.6, the coloring ideal of A and G is radical.

By (10) every vertex can take one of A possible colors. Let us
examine (11) more thoroughly. Denote by Py(z,y) the polynomial
A A2y gL

Lemma 5.2. Let A be a positive integer. If ro and r1 are roots of unity
of ¥ — 1 then ro # r1 if and only if Px(ro,7m1) = 0.

Proof. We have that

(12) 2~y = (2 — y)Pa(z,y).

Since 79 and r; are roots of unity 7§ —r3 = 1—1 = 0. If rg # r1 then
0 = (ro—71)Px(r0,71), since 79 — 11 # 0 we have that Py(rg,r1) = 0. On
the other hand, if 79 = r; then there exists an integer j € {0,...,A—1}
such that rg = r = 62%“7 and so Py\(ro,r1) = A(eQ%”))‘_l # 0. The
lemma follows. 0

By (11) if i, j € E(G) then x; should be different to ; because oth-
erwise Py(z;,2;) would be nonzero. In other words, the color assigned
to x; should be different to the color assigned to x;.

Proposition 5.3. Letn =1,3 (mod 6) be a nonnegative integer, and

A= (%) The zero-dimensional system of equations

a?f{\i’j} —1 = 0, for every pair
(1,7) € E(Kn)
PA(x{ilJl}’ x{i27j2}) ' P)\("r{izvjz}’ x{i37j3})'
Pr(% (i o1 T ) = O, for each set {(i1, j1),
(i2, j2), (i3, 73) } not
inducing a copy of
K3 in K,

has a solution if and only if {{i, j, k}|x (i ;3 = Tk = T{ray ) s an STS.
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Proof. Suppose that the system of equations has a solution. The value of
x(; ) is the color for the edge (i,7) in K,,. We are using as many colors as
there are triples in a ST'S(n). If the coloring is not balanced, then some
color is assigned to fewer than three edges and some color is assigned to
more than 3 edges. In this way there exist edges (i1, j1), (42, j2), (i3, j3)
and (ig,ja) for which @y, v = Ty o} = Tfizjs) = T{igju)- Among
these four edges, there are three which do not induce a copy of K3 in K,;
we can assume that these edges are (i1, 71), (i2,j2) and (i3, j3). By the
properties of P)\, P)\({E{ih J1}s x{i% jQ})P)\<l‘{i27 Ja}s x{i?” jS})P)\(x{i?” Ja}s
Ty, 5,1) 7 0 but this contradicts the existence of a solution to the system
of equations. Thus three edges receiving the same color induce a copy
of K3 in K,,.

In the other direction, ordering the triples of an STS(n) as {ig, jo,
ko},{i1,j1,k1}, - {ir—1,Jr-1,kxr—1}, and for [ = 0,...,\—1 we assign
t0 Tgi iy Tk and Ty, 5y the I-th A-root of unity then the system of
equations is satisfied. O

The ideal generated by the polynomials in the system of equations
in Proposition 5.3 is the edge coloring Steiner ideal of order n.

The stability Steiner ideal of order n associates the 3-sets in {0, ...,
n — 1} to its variables; the edge coloring Steiner ideal associates the 2-
sets. Does some ideal to generate STSs associate the variables to 1-sets?
The answer is affirmative, but since in an STS(n) each vertex is assigned
to (n—1)/2 triples, we need (n — 1)/2 copies of each vertex. We denote
by (7, j) the j-th copy of vertex i, =0,...,n—land j =1,...(n—1)/2.

Proposition 5.4. Letn =1,3 (mod 6) be a nonnegative integer, and
r= )

3. The zero-dimensional system of equations

1 = 0, for each
pair (i,7) with
i,j=1,...,(n—1)/2

A
Lig) —

Pr(® i1 1) iz g2)) - PAZ (12,52 T a) )
Pk(x(i&js)’ x(i4,j4)) - Pa(z il,jl)’x(i:s,ja))'
Pr( iy 5105 T(iaja) - PA(E (g g0)s Tlnje)) = 0, for iy, iz, iz, ig € {0,. ..
,n — 1} distinct and
J1,J2,J3, Ja € {1, ..,

(n—1)/2}

—_ =
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P)\(x(i,jl),a:(i,h)) = 0, fOT’i € {O, RN (e 1}
and j17j2 € {17 )

(n=1)/2}, j1 # J2

has a solution if and only if {{i, 7, k} (1) = T(j1,) = T(k,1y) for some
li,lo,13€{0,...,(n—1)/2}} is an STS.

Proof. Analogous to the proof of Proposition 5.3. g

The ideal generated by the polynomials in the system of equations
in Proposition 5.3 is the verter coloring Steiner ideal of order n.

The earlier comments for the stability Steiner ideal of order n are es-
sentially the same for the ideals in this section. As long as the number
of variables decreases the complexity of the polynomials involved in-
creases. The final effect is that, as we expect, the practical limitations
of these ideals are similar.

6 Ideals and Kirkman Triple Systems

In this section we introduce an ideal based on a combination of stability
and colorings for the generation of Kirkman triple systems [6].

Let s be a positive integer and let n = 6s + 3. A Kirkman triple
system of order n is a Steiner triple system with parallelism, that is, one
in which the set of b = (2s +1)(3s+ 1) triples is partitioned into 3s+ 1
components such that each component is a subset of triples and each of
the elements appears exactly once in each component.

Proposition 6.1. Let s be a positive integer and let n = 6s + 3. The
zero-dimensional system of equations

ik — Tige = 0, when {i,j,k} C {0,
coo,n—1}
Tk Ten = 0, when {i, j,k}, {j, k, 1}
c{0,...,n—1} and
i #1,
Z Tk — (2s+1)@Bs+1) = 0,
{2,5,k}C{0,...,n—1}
Yty —1 = 0, when {i,j,k} C {0,
coon—1},
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T 5 e my P3s+1(Ygij k) Yk amy) = 0, for every unordered
couple of different
3-sets {i,j,k}, and
{k,l,m} contained in
{0,...,n—1}.

has a solution if and only if S = {{i,j,k}|zg jr = 1} is a Kirkman
triple system.

Proof. The first three equations in the system generate the stability
Steiner ideal of order n, thus the set of triples S is an STS. A new
variable yy; ; 1y is introduced for each vertex {7, j, k} in J(n, 3,2). These
variables are used for coloring the elements of .S; by the fourth equation
each triple receives one of 3s + 1 colors. When z(; ; 1y = 0 the value of
Y{ijky 18 immaterial. By the fifth equation, when zy; ;3 = 1 the color
assigned to yy; j y must be different from the one assigned to every other
triple in S intersecting {1, j, k}.

Using the technique in the proof of Proposition 5.3, every color is
associated to exactly 2s + 1 variables y; ;. So S is a Kirkman triple
system. O

The ideal generated by the polynomials in the system of equations
in Proposition 5.3 is the Kirkman ideal of order n.

In Proposition 6.1 the fifth equation is equivalent to the conditional
statement:

if {4, j,k} and {k,¢,m} are in S then
Put {i,j,k} and {k,¢, m} in different color classes.

Few elements in the ideal suffice for the construction of ideals related
to design theory: stability, colorings, Py polynomials and the proper use
of conditional polynomial constructions.

7 Parametric generation of STSs

Let V. = V(fi,...,fs) C k' be a variety. Let k(t,...,tn) represent
the field of rational functions, that is, quotients between two polyno-
mials in k[t1,...,ty]. The rational parametric representation of V' con-
sists of rational functions r1,...,7s € k(t1,...,t,) such that the points
(z1,22,...,2) given by
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(13) .Z‘Z':’l“i(tl,...,tm) i=1,...,¢

lie in V. When functions 71, ..., 7, are polynomials rather than rational
functions this is a parametric polynomial representation. The original
defining equations f1,..., fs form the implicit parametric representation
of V.

It is well known that not every affine variety has a rational para-
metric representation; however the set of points described by a rational
parametric representation is always an affine variety. In this section we
consider the triples in a STS(n) as points in R? (fixing elements in some
particular order for each triple), and then we try to build a parametric
polynomial representation for them. When successful, it is implicitly
proved that the points produced from the triples in the STS form an
affine variety.

For instance, for n = 7 the following parametric polynomial equa-
tions generate an STS(7).

r = tmod?7
(14) y = 1+tmod7
= 3+tmod?7

Taking t = 0,...,6 produces the STS

{{0,1,3},{1,2,4},{2,3,5},{3,4,6},{4,5,0}, {5,6,1},{6,0,2}}.

This is a parametric polynomial representation that works exactly
as we want. The polynomials in (14) belong to Z/7Z[z,y, z,t]. However,
we cannot generalize this directly because the quotient ring Z/nZ is a
field only when n is prime. This is a technical difficulty, addressed later.
First, let us generalize the parametric representation in (14).

Let n=1,3 (mod 6) be an integer and let ¢,1;,12,13,n1,...,n4 be
nonnegative integers such that n; < n for i = 1,...,¢ and H§:1 n; =
n(n—1)/6 (the number of triples in an STS(n)). A polynomial parame-
tric Steiner representation (PPSR) of order n, and parameters ¢, [y, l3, [3,
ni,...,ng is a triple ({a;}2y, {8i Y2, {0i}2,), such that the elements
in each succession are pairwise different and belong to (Z* |J{0})¢. We
denote a parametric representation like this as P(n, 4, Iy, la, I3, {n;}i_;,
({ai}élzo, {,Bi}éio, {(5,}?’:0)) A PPSR is feasible if the system of equa-

tions
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15 l1 I
2(t) = aa,tY y(t) =D b th z(t) =) eyt
=0 =0 =0

in the variables aa, - . ., @ay, b8y, - b8, 5 Cog, - - -+ Coy, 5 (where t = (t1,...
,t7)) has a solution such that the set S = {{z(t),y(t), z(t)}|t € {0,...,
ny—1} x...x{0,...,ny —1}} is an STS.

That n; < n for ¢ = 1,...,¢ is necessary because the operations
are on Z/nZ; but it imposes restrictions on the PPSRs dealt with. For
example, only for n = 7 can we have a PPSR with £ = 1. For any other
value of n it is not possible to find an integer n; satisfying n; < n and
H§:1 n; = n(n—1)/6. In other words, it is impossible to generalize (14)
for n > 7 using only one parameter t.

The important fact concerning PPSRs is that their feasibility is de-
cided by weak Hilbert Nullstelensatz Theorem.

Proposition 7.1. Let n =1,3 (mod 6) be a prime. Let P(n,t,11,ls,
I3, {n:}e_,, ({ai}ilzo, {ﬂi}éio, {(51'}2320)) be a PPSR of order n. Let P and
Q be the polynomials in Z/nZag,, .- . s Qa5 by, - - - ’bﬁlz L Cogs -+ s 0513],
Pu)=wu—-1)(u—-2)---(u—n+1), Qu) =uP(u), ue {0,...,n—1}.
Then P is feasible if and only if the zero-dimensional system of equations

Q(aw,;) fori=0,...,1,
(15) Q(bg,) =0, j=0,...,l3 and
Q(Cék) k=0,...,1l3
P(a(t) - y(t)) )
(10 Plr(t) —=(0) ¢ = 0. [Tt ST
Ply(t) - (1))
)
Pa:tl —yt2 Pyt1 —thg
Pla(ty) — alt2) P(:(t) ~ 2(t2)) | _ o 2 opf2 €0
P(a(ty) — 2(t2)) P(:(t1) — (t2)) e
P(z(t1) — 2(t2)) P(y(t1) — y(t2)) oo
P(a(tr) ~ y(62)) Ply(t) - =(t2)
a7)

has a solution.
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Proof. Assume that the system of equations is satisfied. Then by (15)
the values of these coefficients should be in the set {0,1,...,n — 1}
which corresponds to the roots of the polynomial Q(¢). Also (16) guar-
antees that the elements in each of the triples in S are distinct. (The
polynomial P plays a similar role to that of the polynomials Py intro-
duced in Section 5.) Finally, by (17) every pair of different vertices in
{0,...,n—1} appears in exactly one of the triples and thus it is an STS.
The converse is immediate. O

The ideal generated by the polynomials in Proposition 7.1 is the
parametric Steiner ideal of P.

Solutions to the polynomials in the parametric Steiner ideal of a
PPSR can be found using Grobner bases. For example, the Grébner
basis for the unique possible PPSR of order n = 7 and £ =11 = Iy =
13 =1is

{ - L b1 e, a1 < CS  co,
ao + aobo + ageo —|— ag b2 + adboco + aoco + a%b?’ + agboco + adboc3+
aoco + a0b4 + CL(]bOCO + aoboco + aobgco + aoco + b5 + b 0Co + bgc(2)+
becd + boch + c5}

A solution that makes all these polynomials zero is ag = 0,by =
1,c0 = 3,a1 = 1,bp = 1, and ¢; = 1; it corresponds to the PPSR in
(14).

Corollary 7.2. A PPSR P is feasible if and only if the Grébner basis
of the parametric Steiner ideal of P does not contain 1.

While these provide a relatively simple way to determine the fea-
sibility of a PPSR, it is limited to prime orders. We can circumvent
this limitation by working in the complex number field. We carry the
operations from Z/nZ to C through the transformation ¢ : Z/nZ — C,

o(k) = ¢Z. Two well known properties of ¢ are: For every a and b in

Z/nZ

(18) dla+d) = o))
o(a-b) = (a)’ =o(0)"

Let n = 1,3 (mod 6) be a prime. Let P(n,¢,l,l, 13, {n;}_;,

({os L 0> {B,}Z o {51-}23:0)) be a PPSR of order n. We extend the do-

main of ¢ to the polynomial z(t) = Zé 1 Qo t%9 as gb(Z] 1 Ao, t%9) =
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Hé’:1 qﬁ(aaj)taj = [I'_,at”. This extension is compatible with (18);

J=1"a;

it takes a polynomial on the variables aqg,...,aq, and transforms
it into a polynomial on the variables &ao,...,&all (here dq; stands
for ¢(aq,)). For each t € {0,...,m1 — 1} x ... x {0,...,np — 1},
P(x(t)(ang: - - a0, ) = ¢(x(t))(Gag, - - -+ da, ). Similar extensions are

made to ¢ in order to be applied to the polynomials y(t) and z(t).

Proposition 7.3. Let n =1,3 (mod 6) be a prime. Let P(n,¥,ly,ls,
l3,{ni},f:1, ({Oéi}il:o, {ﬁl}iio,{&}i":o)) be a PPSR of order n. Let P,
and @, be polynomials in Clag,...,a, bo, ..., by, o, .. ], Pp(u,v) =
u a2 o 2w Qp(u) = ut—1,u,v € {0, ... ,n—1}.
Then P is feasible if the zero-dimensional system of equations

R fori=0,...,l1,
(19) Qu (@) = Qu(bs,) = Qu(és,) = 0, 5=0,...,1> and
k=0,...,0;
Po(o(x(t)), ¢(y(t)))
forte€{0,...,n1 — 1}
(20) Pr(o(x(t)), ¢(2(t))) = 0 _
Pu((y(t)). 6(=(t)) } XX A0 me =1
Po((x(t1)), d(x(t2))) Pu(S(y(t1)), ¢(y(t2)))
Pa(0((61)), 6(y(82))) Pa(6(y (1)), 6(x(t2)) fortr.ta € {0
Pr(¢(x(t1)), ¢(x(t2))) Pu(d(2(t1)), ¢(2(t2))) - 0 nl—lix ><{0
Pa((a(t1), 6((62))) Pa(6(2(61)), 6(x(t2)) SR S
Pr((2(t1)), ¢(2(t2))) Pn(d(y(t1)), d(y(t2))) ’
Pr(¢(2(t1)), (y(t2))) Pr(d(y(t1)), d(2(t2)))
(21)
has a solution in &0,...,&ZI,I;O,...,512,60,...,613 if and only if P is
feasible.

Proof. Assume that the system of equations has a solution. From (19)
ag - .., 0y, 50, .. .,Bg, ¢o,--.,Cp could only be assigned to nth roots of
unity. Since ¢(z(t)), ¢(y(t)), and ¢(z(t)) are expressed as products
and integer powers of nth roots of unity, they evaluate to nth roots
of unity too. The polynomial P, is the polynomial P, with A = n,
defined in Section 5, and so, by Lemma 5.2 the arguments in the proof of
Proposition 7.1 with respect to (16) and (17) are applicable to (20) and
(21), respectively. So S = {{o(z(t)), p(y(t)), p(z(t))}t € {0,...,n1 —
1} x -+ x {0,...,np — 1}} contains only triples of nth roots of unity
and each pair of nth roots of unity is contained in exactly one triple.
When we apply ¢! to the elements in every triple in S we obtain an
STS S. O
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From a computational point of view, the Grobner basis of the ideal
in Proposition 7.1 can be found faster in Macaulay 2 than the corre-
sponding Grobner basis for Proposition 7.3. For n = 7 and £ = 1 we
required with the former approach 12 seconds, with the last one the
system exhausted the memory.

Now we do the same type of transformation done from Proposi-
tion 7.1 to Proposition 7.3 in the opposite direction to get an ideal on
Z/nZ to obtain a A-coloring of a graph G. We transform Lemma 5.1 in
the following way.

Lemma 7.4. Let G be a graph on n vertices for some prime n, and let
A be a monnegative integer. Graph G is \-colorable if and only if the
following zero-dimensional system of equations in Z/nZ[x1,. .., =]

(22)  zi(xi—1)---(x; —A) =0, for everyvertex i € V(G),
(23) (zi—x;—1)---(xi—x; —A) =0, foreveryedge {i,j} € E(G),
has a solution. g

This new ideal is useful only for prime values of n but the calculation
of its Grobner basis is more efficient.

8 Conclusions

When Hilbert submitted his famous finiteness theorem [7] to the Math-
ematische Annalen in 1888, Gordan rejected the article. Gordan had
earlier established the finiteness of generators for binary forms using a
complex computational approach. He expected not only a finiteness ex-
istence proof, but also a more constructive approach. Gordan comment
about Hilbert’s work was “Das ist nicht Mathematik. Das ist Theolo-
gie” (This is not Mathematics. This is Theology) [10]. Encouraged by
Gordan’s opinion, Hilbert provided estimates of the maximum degree
of the minimum set of generators. But in 1899 Gordan developed a
constructive proof of the finiteness theorem, using what is now called
the Grobner basis to reduce to the more easily treated monomial case.

Gordan’s tools were made more practical with the advent of modern
computers. Despite this, implicit in the calculation of many Grébner
bases is the solution of NP-complete problems. Hence we cannot hope
to solve every possible problem stated with Grobner bases. Neverthe-
less, important problems in physics, robotics and engineering have been
successfully solved with them.
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Characterizations of combinatorial designs test these algebraic tools.
We have examined how to represent the rich structure of designs into
algebraic terms. We tested in Macaulay 2 that every ideal works as de-
scribed. Unfortunately, the large dimensions of the systems of polynomi-
als involved make manipulation impractical from a computational point
of view. The development of parallel algorithms to calculate Grobner
basis efficiently are remarkable [3, 17]. Such advances may permit the
direct calculation for the ideals introduced in this paper for small values
of n. On the other hand, the increasing industrial interest in Grébner
basis will bring in the near future computer hardware especially de-
signed to making fast the calculations involved. This progress will be
important for design theory.

We opened unexplored connections between these algebraic geome-
try and combinatorial design theory; this is the main contribution of our
work. From the algebraic geometry point of view the most interesting
result from these connections is the discovery of 0-1 ideals whose struc-
tural properties and applications in combinatorics are explored in [19].
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