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Zero-sum semi-Markov games in Borel spaces
with discounted payoff *

Fernando Luque-Vasquez !

Abstract

We study two-person zero-sum semi-Markov games in Borel spaces
with possibly unbounded payoff, under the discounted criterion.
We consider the n-stage case as well as the infinite horizon case.
Conditions are given for the existence of the value of the game,
the existence of optimal strategies for both players, and for a char-
acterization of the optimal stationary policies.
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1 Introduction

This paper deals with two-person zero-sum semi-Markov games with
Borel spaces and possibly unbounded payoff function, under the dis-
counted criterion. We consider the n-stage case as well as the infinite
horizon case. Under suitable assumptions on the transition law, the
payoff function and the distribution of the transition times, we show
the existence of the value of the game, the existence of optimal strate-
gies for both players, and we also obtain a characterization for a pair of
stationary stategies to be optimal in the infinite horizon case.
Markovian stochastic games with discounted payoff have been stud-
ied by several authors (for example, [1, 7, 8, 10, 11, 12]) but, to the best
of our knowledge, the only paper that studies semi-Markov stochastic
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games with discounted payoff is [5], which considers a countable state
space and a bounded payoff function. Our main results generalize to
the semi-Markov context some theorems in [8, 10, 11] on which our
approach is based. We also extend results in [5, 6].

The remainder of the paper is organized as follows. In Section 2
the semi-Markov game model is described. Next, in Section 3, the
discounted criterion is introduced. In Section 4 we introduce the as-
sumptions and present our main results, Theorems 4.3 and 4.4, which
are proved in Sections 5 and 6, respectively.

Terminology and notation. Given a Borel space X, i.e. a Borel
subset of a complete and separable metric space, we denote by B(X) its
Borel o-algebra. P(X) denotes the family of probability measures on
X endowed with the weak topology. If X and Y are Borel spaces, we
denote by P(X |Y') the family of transition probabilities (or stochastic
kernels) from Y to X. For a transition probability f € P(X|Y"), we
write its values as f(y)(B) or f(Bly) for all B € B(X) and y € Y. If
X =Y, then f is called a Markov transition probability on X.

2 The semi-Markov game
A semi-Markov game model is defined by a collection
(XvAaBaKAvKBaQaFa 7T)7

where X is the state space, and A and B are the action spaces for players
land 2, respectively. These spaces are assumed to be Borel spaces,
whereas K4 € B(X xA) and Kp € B(X x B) are the constraint sets. For
each x € X, the z-section A(z) :={a € A: (x,a) € K4 } represents the
set of admissible actions for player 1 in state x. Similarly, the x-section
B(z) :== {b € B : (z,b) € Kp} denotes the set of admissible actions
for player 2 in state z. Let K := {(x,a,b) : x € X, a € A(x), b €
B(x)}, which is a Borel subset of X x A x B (see [9]). Moreover,
Q(- | z,a,b) is a stochastic kernel on X given K called the transition law,
and F(- | z,a,b) is a probability distribution function on R} := [0, c0)
given K called the transition time distribution. Finally, r is a real-
valued measurable function on K that denotes the payoff function, and
it represents the reward for player 1 and the cost function for player 2.

The game is played as follows: if x is the state of the game at some
decision (or transition) epoch, and the players independently choose
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actions a € A(x) and b € B(x), then the following happens: player
1 receives an immediate reward r(z,a,b), player 2 incurres in a cost
r(x,a,b), and the system moves to a new state according to the prob-
ability measure Q(- | z,a,b). The time until the transition occurs is a
random variable having the distribution function F(- | z,a,b).

Let Hy := X and H,, := (KxRy)x H,_1 forn=1,2,... . For each
n, an element

hy, = ($0’ ag, bo, 01, <y Tn—1, An—1, bn—1,0p, -rn)

of H,, represents the “history” of the game up to the nth decision epoch.
A strategy w for player 1 is a sequence 7 = {m, : n = 0,1,...} of
stochastic kernels m,, € P(A | H,,) such that

tn(A(zn) | hn) =1 Vhy € Hy.

We denote by II the family of all strategies for player 1. A strategy
m = {m,} is called a Markov strategy if m, € P(A | X) for each n =
0,1,... , that is, each m, depends only on the current state z, of the
system. The set of all Markov strategies of player 1 is denoted by 1.
Let ®; denote the class of all transition probabilities f € P(A | X)
such that f(x) € P(A(z)). A Markov strategy m = {m,} is said to be
a stationary strategy if there exists f € ®; such that m, = f for each
n =0,1,... . In this case, the strategy is identified with f, and the set
of all stationary strategies for player 1 with ®;. The sets I', I'j; and ®5
of all strategies, all Markov strategies and all stationary strategies for
player 2 are defined similarly.

Let (2, F) be the canonical measurable space that consists of the
sample space 2 := (X x A x B x R;)*® and its product o-algebra
F. Then for each pair of strategies (m,v) € II x I' and each initial
state = there exist a unique probability measure Py’ and a stochastic
process {(p, ap,bn,dnt1), n =0,1,...}, where z,, a, and b, represent
the state and the actions for players 1 and 2, respectively, at the nth
decision epoch, whereas d,, represents the time between the (n — 1)th
and the nth decision epoch. E; ' denotes the expectation operator with
respect to Py .

3 Optimality criteria

We assume that rewards and costs are continuously discounted and
player 1 tries to maximize the expected discounted payoff, while player
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2 tries to minimize it.

Definition 3.1. Forn > 1, a > 0, z € X and (m,7y) € II x I, the
expected n-stage a-discounted payoff is defined as

n—1
(1) Vn(.’E,ﬂ',’y) = E;Tvze_aTkr('Ik’akabk)v
k=0

where Ty = 0 and T,, = T,_1 + 9,. The infinite-horizon total expected
a-discounted payoff is

oo

(2) V(:EaW77) = E;:rvze_aTkr(:Ekvakabk)'
k=0

To define our optimality criteria, we need to introduce the following
concepts. The functions on X given by

(3) L(z):=supinf V(z,m,v) and U(x):= inf sup V(z,w,~)
rell 7€l V€L el

are called the lower value and the upper value, respectively, of the (ex-
pected) a-discounted payoff game. It is clear that L(-) < U(-) in general,
but if it holds that L(z) = U(z) for all x € X, then the common value is
called the value of the semi-Markov game and will be denoted by V*(x).

In Section 3 we give assumptions that guarantee that the functions
in (1), (2) and (3) are well defined.

Definition 3.2. (a) A strategy 7* € Il is said to be a-optimal for player
1if
U(z) <V(x,m*,7y) Vyel, zeX.
(b) A strategy v* € I is said to be a-optimal for player 2 if
V(z,m,7v") < L(z) Vrmell, xz € X.

(c) A pair (7*,7*) € II x I is said to be an a-optimal strategy pair
if, for all x € X,

U(z) = inf V(x,7",v) and L(z)=supV(z, 7, ~").
~vel’ mell

We note that the existence of an a-optimal strategy either for player
1 or player 2, implies that the game has a value.
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For the n-stage semi-Markov game, the lower value L,,, the upper
value Uy, the value V,’ and optimal strategies are defined similarily.

Remark 3.3. Let
(4) Ba(z,a,b) := / e ™F(dt| x,a,b).
0

Then using properties of the conditional expectation we can write

oo n—1
(5) V($7 Uy ’7) - E;T'Y[T(‘ro’ ao, bO) + Z H Ba(xk; Qaf, bk)r(xna G, bn)]a
n=1 k=0
and for n > 1
n—1k—1
Vn(l" T, ’Y) = E;F'Y [T(‘IEO) ap, bO) + Z H /Ba(x’iu ag, bi)r(l‘k, ag, bk‘)]
k=1 1=0

4 Assumptions and main results

The problem we are concerned with is to show the existence of a-optimal
strategies which, as is well known (see for instance [7]), requires imposing
suitable assumptions on the semi-Markov game model. The first one is
a regularity condition that ensures that an infinite number of transitions
do not occur in a finite interval. The second one is a combination of
standard continuity and compactness requirements, whereas the third
one is a growth condition on the payoff function r.

Assumption 1 (Al). There exist § > 0 and € > 0 such that
F|z,a,b) <1—¢ VY(z,a,b) € K.
An important consequence of this assumption is the following,.
Lemma 4.1. If Al holds, then

(6) po = sup Puolz,a,b) <1
(z,a,b)eK



20 Fernando Luque-Vasquez

Proof: Let (x,a,b) € K be fixed. Then integrating by parts in (4) we
have

Balz,a,b) = a/ e F(t|x,a,b)dt
0

0 00
= a[/ e F(t|z,a,b)dt + / e " F(t|r,a,b)dt]
0 0
<(l-e)l—e®)te ™ =1—ctee ™ <1.
As (z,a,b) € K was arbitrary, we get (6). O

Assumption 2 (A2). (a) For each = € X, the sets A(z) and B(z) are
compact.

(b) For each (z,a,b) € K, r(z, -, b) is upper semicontinuous on A(zx),
and r(z,a,-) is lower semicontinuous on B(x).

(c) For each (x, a,b) € K and each bounded and measurable function
v on X, the functions

ar—)/ Q(dy | x,a,b) and br—)/ Q(dy | z,a,b)

are continuous on A(z) and B(x), respectively.
(d) For each t > 0, F(t | z,a,b) is continuous on K.

Assumption 3 (A3). There exist a measurable function w : X —
[1,00) and positive constants m and 7, with np, < 1, such that for all
(r,a,b) e K
(a) Ir(z, 0, b)| < muw(x);
(b) [ w(y)Qdy | z,a,b) < nu(z).
In addition, part (c¢) in A2 holds when v is replaced with w.

Remark 4.2. By Lemma 1.11 in [8], it follows that if Assumption 2(a)
holds then the multifunctions A : X — 2P(4) and B : X — 2F() defined
as A(z) := P(A(x)) and B(z) := P(B(x)) are measurable compact-
valued multifunctions.

We now introduce the following notation: for any given function
h: K —R, z € X, and probability measures p € A(x) and A € B(x) we

write
h(z, pu, A / / h(z,a,b)u(da)\(db),
B(x)
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whenever the integrals are well defined. In particular,

r(x, p,A) = /B(x) A(m)r(w,a,b)u(da))\(db),

Bo(s i, A) = /B . /A | Pala s D),

and
QD 2= [ [ QD | buldaN@), DeBX)
B(z) J A(z)

B,,(X) denotes the linear space of measurable functions u on X with
finite w-norm, which is defined as

u(z)|
[ull,, = sup

rzeX ’LU(.’E) '

For u € By, (X) and (z,a,b) € K, we write

H(u,z,a,b) := r(z,a,b) + Bu(z,a, b)/xu(y)Q(dy | z,a,b).

For each function u € B, (X) let

(7) Tou(x) := sup inf H(u,z,u, ),
pEA(z) AEB(T)

which defines a function T,u in B, (X) (see Lemma 5.1 below). We
call T, the Shapley operator, and a function v € B,,(X) is said to be a
solution to the Shapley equation if T,v(z) = v(z) for all z € X. In the
proof of Lemma 5.1, we show that if Assumptions 1, 2 and 3 hold, then
for p € A(x), H(u,x, u,-) is L.s.c. on B(x), and for A € B(z), H(u,x,-, \)
is u.s.c. on A(z). Thus, by Theorem A.2.3 in [2] the supremum and the
infimum are indeed attained in (7). Hence, we can write

Tou(z) := in H(u,z,p\).
00) = it g H )

We are now ready to state our main results.

Theorem 4.3. Suppose that A1-A3 hold. Then the n-stage semi-
Markov game (n > 1) has a value V¥ € B, (X) and both players have
a-optimal Markov strategies. Moreover, for each n > 2,

Vi(x) =TV, (x).

n



22 Fernando Luque-Vasquez

Theorem 4.4. If A1-A3 hold, then
(a) The semi-Markov game has a value V* which is the unique
function in B, (X) that satisfies the Shapley equation,

V¥i(x) =T,V*(x),

and, furthermore, there exists an a-optimal strategy pair.
(b) A pair of stationary strategies (f,g) € ®1 x @9 is a-optimal if
and only if V (-, f, g) is a solution to the Shapley equation.

5 Proof of Theorem 4.3

First we shall prove a preliminary result.
Lemma 5.1. If A1-A3 hold, then for each u € B,(X), the function
Tyu is in By, (X), and

8 Tou(z) = mi H(u,z, p, \).
(8) u(z) Jnin | max (u, @, p, A)

Moreover, there exist stationary strategies f € ®; and g € ®5 such that
Tou(z) = H(u,x, f(z),g9(x))
(9) = MaX,cA(x) H(% Z, W, g(l’))

- min/\E]B(x) H(ua €Ly f(x)v A)
Proof: By Lemma 4.1 and A3, we have that for u € B,(X) and
(z,a,b) € K,
|H(U,l’,(1, b)| é mw($) + Pa ||un nw(l')’

which, as Tyu is measurable, implies that Tou € B, (X). On the other
hand, by A2, it follows that the function x — H(u,x, a,b) is in By, (X)
and H(u,x,-,b) is w.s.c. on A(z). Then, for fixed A € B(z), by Fatou’s
Lemma, the function

a+—> / H(u,x,a,b)\(db)
B(x)

is u.s.c. and bounded on A(z). Thus, since convergence on A(z) is the
weak convergence of probability measures, by Theorem 2.8.1 in [2], the
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function H(u,z,-, ) is u.s.c. on A(x). Similarily, H (u, z, u, -) is L.s.c. on
B(x). Moreover, H(u,x, 1, ) is concave in p and convex in A. Thus, by
Fan’s minimax Theorem [3] we obtain (8). The existence of stationary
strategies f € ®; and g € ®4 that satisfy (9) follows from (8) and well-
known measurable selection theorems (see for instance Lemma 4.3 in
). O

Proof of Theorem 4.3. The proof proceeds by induction. For n =1,
the theorem follows directly from Definition 3.1 and Lemma 5.1 with
u(-) = 0. Suppose the result holds for n — 1 (n > 2). Let #(*~1) =

(fl?va . 7fn 1) with f’L S q)l and V(n 1) (gl g2, . -7gn—1) with i S (1)2
be a pair of a-optimal Markov strategies of players 1 and 2, respectively,
in the (n — 1)-stage semi-Markov game. Then

(10) V() = Vot (-, e A=)y

n—

and
Vi1 () = TaV,_s(0).

n

For an arbitrary g € ®3 put 79 = (g,91,...,gn—1)- By definition of U,,
we have

Un(x) < sup Vi (z,m,799),
mell

from which we obtain

Un(x) < sup / / r(x,a,b)
peh(z) JB(z)

+ Ba(z,a,b) / sup Vs (57,9~ D) QUdy b, 0, (o)) (@)

Therefore, by the induction hypothesis,

Un(z) < sup H(V,_y, 2, p,9(z)).
HEA()

Hence, since g € 5 was arbitrary,

Un(x)g inf sup H(V 1%, :U’a>‘)’
AEB() peA(z)

and, by Lemma 5.1,

(11) Un(z) < ToV,_1(2)-
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Similarily we obtain
(12) L) = TV (a).

Combining (11) and (12) we get L,(x) = Up(z) = ToV," {(x), i.e. the
n-stage semi-Markov game has a value V7 and V7 = T, V,_,. Further,
by Lemma 5.1 V¥ € B,,(X), and there exist fo € ®; and gy € $2 such
that for every f € ®; and g € ®o,

(13) H(Vy 1,2, f(2),90(x)) < Vi (2)
= H(V;—laxva(x)ng(x))
< H(V:_1,$,f0($),g($))-
Let ,n.(n) = (anfla ) fnfl) and ,.Y(n) = (907917 "'agnfl)' Then7 from (10)

and (13) it follows that 7(") and 4" are a-optimal strategies for players
1 and 2, respectively. [J

6 Proof of Theorem 4.4

To prove Theorem 4.4, we need some preliminary lemmas for which
we require the following notation. For a pair of stationary strategies
(f,g9) € ®1 x ®y, we define the operator Tyy on By, (X) as:

Trqu(z) := H(u,z, f(z),g(x)).

It is clear (see the proof of Lemma 5.1) that Tsu belongs to By, (X)
for each u € B,,(X).

Lemma 6.1. If A1-A3 hold, then both T, and Ty, are contraction
operators with modulus np, < 1.

Proof: First we note that both operators are monotone. That is, if
u,v € By(X) and u(-) < v(-), then for all z € X

Trgu(x) < Tygv(x).

Similarly, Tou(z) < Tov(z) for all x € X. Also, it is easy to see that for
k>0,
Tpg(u + kw)(x) < Trou(x) + pankw(z) Vo € X,

(14) To(u+ kw)(z) < Tou(z) + pankw(z) Ve X.
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Now, for u,v € By (X), by (14), the monotonocity of T, and the fact
that u < v+ wlju—v|,, it follows that

Tou(z) < Tov(@) + pan Ju — o], wlz) Vo € X,
so that
(15) Tou(z) — Tov(z) < pan |lu — v, w(z) Yo € X.
If we now interchange u and v we obtain
(16) Tou(z) = Tov(x) = —pan |lu — v, w(z) Vo e X,
and combining (15) and (16) we get

Tou(e) — Tav(@)] < part |1 — vll,y w(z) Vo € X,
ie.

| Tou = Tovll,, < pan|lu— vl

Hence, T, is a contraction operator with modulus py,7n. Using the same

arguments we can prove that Ty, is a contraction operator with the
same modulus p,n. O

Remark 6.2. Since T;, and T, are contraction operators, by Banach’s
Fixed Point Theorem there exist functions v* and v, in By, (X) such
that Tov*(x) = v*(x) and Tygvsg(x) = veg(x) for all z € X.

Lemma 6.3. For a pair of stationary strategies (f,g) € ®; x ®g, the
function V' (-, f, g) is the unique fixed point of T, in By, (X).

Proof: We have to show that V(z, f,9) = T¢,V(x, f,g) Vo € X. Now,
oo n—1

V(;Uv f:g) = Egg{’l"(iﬁo,ao, bO) + Z H ,Ba(xk;,ak, bk)T(.%’n, Ap,y bn)}
n=1 k=0

co n—1

= r(@, [(2),9(x)) + BI T Balwrs ar, br)r(n, an, b))}

n=1 k=0
= r(z, f(2),g(x)) + EL9{Ba(x0, ag, bo) ELr (21, a1, b1)

co n—1

+ Z H Ba(xk, ag, bk)T(ﬂjn?ana bn) ’hl]}

n=2 k=1
= 7“(.1‘, f(x)7g($)) + Ea]:g{ﬂa(xm ao, bO)V(J}l, f7 g)}
= ngV(.T, f7 g)
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Thus, V (-, f, g) is the fixed point of T,. O

Lemma 6.4. Suppose that A1-A3 hold, and let © and « be arbitrary
strategies for players 1 and 2, respectively. Then for each x € X and
n=01,..

(a) Bz w(xy,) < n"w(z),

(b) [EXr(50, an, by)| < m (),

(c) limy, o0 B3 (TT7Z0 Ba(@, ag, be)u(z,)) = 0 for each u € By (X).

Proof: For n =0, (a) and (b) are trivially satisfied. Now, if n > 1 then,
by A3(b),

E;w[w(xn) | hn—lpan—hbn—l] = /w(y)Q(dy | xn—laan—hbn—l)
< nw(xp—1)-

Hence E; w(x,) < nEz w(x,_1), which by iteration yields (a). Part
(b) follows immediately from (a) and A3(a). To prove (c), we observe
that Lemma 4.1 and (a) yield

n—1

ET] Bal@rs ar, be)u(an)]

k=0

< pa by fu(zn)| < pg llully, B w(wn)

< (pam)" [|ull, w(z).
This yields (c), since pan < 1. O

Proof of Theorem 4.4. (a) Let V, be the unique fixed point in B,,(X)
of T,,. Then

« :Ta « = i H ay Ly 7)‘~
Va(x) Va(x) e min (Va, , 1, A)

By Lemma 5.1 there exists a pair of stationary strategies (f*,g*) €
®; x ®9y such that

(17) Va(z) = H(Va,z, f*(x), 9% (2))

= i HVOH ; * 7)\
Juin (Va, @, f*(2), A)

= max H(Vy,z,u, g% (z)).
nax, ( 1,9 (x))

We will prove that V,, is the value of the semi-Markov game and that
(f*,g*) is an a-optimal strategy pair. The first equality in (17) implies
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that V;, is the fixed point in B, (X) of Tf«g-. Thus, by Lemma 6.3,
Va(-) = V(-, f*,g*), so that it is enough to show that for arbitrary
melland v €T,

(18) Viz,f*7) 2 V(z, f*9°) 2 V(z,7g") VoelX.

We will prove the second inequality in (18). A similar proof can be
given for the first inequality. By (5) we have

co n—1

V('Ia W,g*) = E:g*{r('xoa ap, bO) + Z H ﬂoc(xk:a ag, bk)?"(l’n,an, bn)}
n=1 k=0

From properties of the conditional expectation we have for n > 1, h, €
H,, a, € A(x,), and b, € B(zy),
E7" {TTizo Ba(@n, a, b)V (@ns1, £*,97) | s an, b}
= [Ti—o Balhs ap, b)) BT {V (21, 17, 9%) | hny s b}
= [Tico Balar, ar,bx) [ V(y, £+, 9%)Q(dy | 2n, ma(hn), g (2n))
= TT5Z0 Ba(wk, i, bi) {Ba(n, ans bu) [V (Y, £,97)Q(dy | i, 7o (),
9" (xn)) + r(@n; Tn(hn), g% (@n)) = (2, Tn(hn), 9" (20)) }
< TIhZo Balr, an, be) [V (@n, *,97) = (@, T (hn), 9% (@0)]-
Equivalently, for n > 1
[Ti= Ba(@r, ar, b)V (@n, f*,97)
~B5 {TTi0 Ba(@h 1t b)Y (w1, £*,.97) | s i b
> 1132 Ba@k, ak, bi)r (@, T (ha), g% (22)).
We also have

V(wo, f*,9") = E5¥ [Ba(z0, a0, bo)V (21, f*,9*)] = r(20, mo(x0), g (o).
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Now, taking expectations and summing over n = 0,1, ..., N we obtain

N
V(z, f*,9%) — Bf7 {] ] Balar, ar, be)V (@n1, £7,9%)}
k=0
N n—1

> E79 [r(z0,a0,b0) + Y [ [ Bal@r: ar, b)r(2n, an, by)-
n=1 k=0

Finally, letting N — oo, by (5) and Lemma 6.4 (c) we obtain the re-
quired result.

(b) (=) Suppose that (f,g) € &1 x ®2 is a pair of a-optimal
stationary strategies. Then for all z € X, w € [l and v € T,

(19) Viz, f,7) 2 V(e f,9) 2 Ve, g).

Fix x € X and for an arbitrary A € B(z) define 4 = (4,) as follows:
Y = A and 4, = g for n = 1,2, .... Then, by the first inequality in (19),

Ve, f.g) < Vi, f.5) = /B( )/A( b

+ Balz,a,b) / V(. £.9)Q(dy |z, a, b)) f () (da)A(db).

It follows that
V(‘Tv f7g) S H(V(’ f,g),% f’ )‘)a
from which we get

V(z, f,g9) <T.V(x, f,9g).

Similarily, we can prove

V(LL’, f,g) > TaV(ﬂf, fvg)v

and combining the last two inequalities we get the desired result.
(<=) The proof of this part is contained in the proof of part (a). O
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