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Existence of Nash equilibria in nonzero-sum
ergodic stochastic games in Borel spaces *

Rafael Benitez-Medina

Abstract

In this paper we study nonzero-sum stochastic games with Borel
state and action spaces, and the average payoff criterion. Under
suitable assumptions we show the existence of Nash equlibria in
stationary strategies. Our hypotheses include ergodicity condi-
tions and an ARAT (additive reward, additive transition) struc-
ture.
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1 Introduction

This paper concerns nonzero-sum stochastic games with Borel state and
action spaces, and the average payoff criterion with possibly unbounded
payoffs. This class of games has many applications, for instance, in
queueing and economic theory (see [1], [2], [12], [27]).

The problem we are interested in is the existence of Nash equilibria in
stationary strategies. To do this we impose ergodicity conditions already
used by several authors for markov games and control problems (e.g.
[1], [6], [9], [10], [14], [15], [19], [22]) together with a so-called ARAT
(additive reward, additive transition law) structure. Similar results have
been obtained by Ghosh and Bagchi [5] and Kiienle [14] for games with
bounded payoffs. Other related works include [18], which deals with
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Borel state space and bounded payoffs, and [27], in which the state
space is countable.

For stochastic games with a discounted payoff criterion there is
a larger literature. For instance, for zero-sum problems in countable
spaces, see [1], [17], [26]; for uncountable spaces, see [11], [13], [21], [25].
On the other hand, for the nonzero-sum case in countable spaces, see
[27], and for uncountable spaces, see [11], [23], [24].

The remainder of the paper is organized as follows. Section 2 in-
troduces standard material on stochastic games and strategies, and the
optimality criteria. The core of the paper is contained in section 3: af-
ter introducing some assumptions, we present our main result, Theorem
3.10, on the existence of Nash equilibria. Finally, after some technical
preliminaries in section 4, the proof of Theorem 3.10 is presented in
section 5.

2 The game model

For notational ease, we shall consider a stochastic game with only two
players. For N > 2 players, the situation is completely analogous. We
begin with the following remark on terminology and notation.

2.1 Remark.

(a) A Borel subset X of a complete and separable metric space is
called a Borel space, and its Borel o-algebra is denoted by B(X).
We only deal with Borel spaces, and so measurable always means
“Borel measurable”. Given a Borel space X, we denote by IP(X)
the family of probability measures on X, endowed with the weak
topology o(IP(X), Cp(X)), where Cy(X) stands for the space of
continuous bounded functions on X. In this case, IP(X) is a Borel
space. Moreover, if X is compact, then so is IP(X).

(b) Let X and Y be Borel spaces. A measurable function ¢ : ¥ —
IP(X) is called a transition probability from Y to X, and we denote
by P(X|Y) the family of all those transition probabilities. If ¢
is in P(X]Y), then we write its values either as ¢(y)(B) or as
#(Bly), for all y € Y and B € B(X). Finally, if X =Y then ¢ is
said to be a Markov transition probability on X.

The stochastic game model. We shall consider the two-person
nonzero-sum stochastic game model
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(1) GM = (XaAaBal[(Aa]I{B7Qarlar2)a

where X is the state space, and A and B are the action spaces for players
1 and 2, respectively. These spaces are all assumed to be Borel spaces.
The sets IK4 € B (X x A) and Kp € B (X x B) are the constraint sets.
That is, for each z € X, the z-section in K4, namely

A(z) :={a € Al|(z,a) € Ky},

represents the set of admissible actions for player 1 in the state z. Sim-
ilarly, the z-section in Kp, i.e.

B(z) := {b € B|(z,b) € Kp},

stands for the family of admissible actions for player 2 in the state .
Let
K = {(z,0,b)|s € X,0 € A(x),b € B(x)},

which is a Borel subset of X x A x B. Then @ € P(X|IK) is the
game’s transition law, and, finally, r; : IK — IR is a measurable function
representing the reward function for player ¢ = 1, 2.

The game is played as follows. At each stage t = 0,1, ..., the play-
ers 1 and 2 observe the current state x € X of the system, and in-
dependently choose actions a € A(z) and b € B(x), respectively. As
a consequence of this, the following happens: (1) player i receives an
immediate reward r;(x,a,b), i = 1,2; and (2) the system moves to a
new state with distribution Q(:|z,a,b). The goal of each player is to
maximize, in the sense of Definition 2.2, below, his long-run expected
average reward (or payoff) per unit time.

2.2 Strategies

Let Ho := X and H; :=IK xH;—1 fort = 1,2,.... For each t, an element
ht = (xo,a0,b0,...,T¢—1,at—1,b—1, ) of H; represents a “history” of
the game up to time t. A strategy for player 1 is then defined
as a sequence 7' = {m},t = 0,1,...} of transition probabilities 7} in

IP(A|H;) such that
ﬂ'tl(A(l‘tNht) =1 Vh € Hsyt =0,1,....

We denote by II; the family of all strategies for player 1.
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Now define A(x) := IP(A(x)) for each state x € X, and let S; be
the class of all transition probabilities ¢ € PP(A|X) such that ¢(z) is
in A(x) for all # € X. Then a strategy 7' = {n}} € II; is called
stationary if there exists ¢ € S such that

7L (|he) = d(ae) () Vhe € Hyt =0,1,.. ..

We will identify S; with the family of stationary strategies for player 1.

The sets of strategies IIo and Sy for player 2 are defined similarly,
writing B(z) and B(z) := IP(B(x)) in lieu of A(x) and A(x), respec-
tively.

Let (2, F) be the canonical measurable space that consists of the
sample space 2 := (X x A x B)* and its product o-algebra F. Then
for each pair of strategies (7!,72) € IT' x II? and each initial state
x € X there exists a probability measure P} "7 and a stochastic process
{(z¢,as,b),t = 0,1,....} defined on (2, F) in a canonical way, where
x,a¢ and by represent the state and the actions of players 1 and 2,
respectively, at each stage ¢ = 0,1,.... The expectation operator with
respect to PJ "7 is denoted by EZ G

2.3 Average payoff criteria
Foreachn =1,2,...and 7 =1,2, let

|
—

n
1.2

Jf@(ﬂ-laﬂ-z’x) = E;r ,71' [ ri(xt7at7bt)]
t

Il
o

be the n-stage expected total payoff (or reward) of player i when the
players use the strategies 7' € II; and 72 € Iy, given the initial state
Trg — 2.

The corresponding long-run expected average payoff (EAP) per unit
time is then defined as

(2) Ji(rt, w%x) = linrr_1>iolng,"L(7rl,7r2,a:)/n.

The EAP is also known as the ergodic payoff (or ergodic reward) crite-
rion.

2.2 Definition. A pair of strategies (7'*, 72*) is called a Nash equi-
librium (for the EAP criterion) if

JH a2 x) > JY (a7, 2) for all 7l € 11, z € X,
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and
J2 (a7 x) > T n% x) for all 72 € 11, 2 € X.

Our aim is to establish, under certain assumptions, the existence of
a Nash equilibrium (¢*,9*) in 51 x Ss.

We introduce the following notation. For any given function f :
KK — R and probability measures ¢ € A(x) and ¢ € B(z), we write

fao0)= [ [ f@a b))
A(z) JB(z)
whenever the integrals are well defined. In particular, for r; and @Q as
in (1),
@ o, 0)i= [ [ rwab(dboda)
A(z) JB(x)

and

Qllz, 6,) == /A . /B ., @k, 0,0)u(d)9(da).

3 Main result

We first introduce our assumptions, and then present our main result.

3.1 Assumption. (a) For each state x € X, the sets A(x) and B(x)
of admissible actions are compact.
(b) For each (z,a,b) in K, ri(x,-,b) is upper semicontinuous (u.s.c)
on A(z), and ro(x,a,-) is u.s.c on B(z).
(c) For each (z,a,b) in IK and each bounded measurable function v
on X, the functions

[ vw@glab) and [ v@)Qylr.a.)
X X

are continuous on A(z) and B(x), respectively.

(d) There exists a constant 7 and a measurable function w(-) > 1 on
X such that

(3) |ri(z,a,b)| < Fw(z) V(z,a,b) e K, i=1,2,
and, in addition, part (c¢) holds when v is replaced with w.

The next two assumptions are used to guarantee that the state pro-
cess {X;} is ergodic in a suitable sense.
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3.2 Assumption. There exists a probability measure v € P(X), a
positive number o < 1, and a measurable function 5 : IK — [0,1] for
which the following holds for all (z,a,b) € IK and D € B(X):

(a) Q(Dlx,a,b) > B(x, a,b)v(D);

(b) [xw(y)Q(dy|z,a,b) < aw(z) + B(z,a,b)||v||w, where w(-) > 1 is
the function in Assumption 3.1(d), and ||v||y := [wdv.

(c) inf [y Bz, (), ¥ (x))v(dx) > 0, where the infimum is over all the
pairs (¢, 1) in S7 X Ss.

3.3 Assumption. There exists a o-finite measure A on X with re-
spect to which, for each pair (¢,%) € S1 x S, the Markov transition
probability Q(+|z, ¢(x),1(x)) is Ad-irreducible.

We next introduce some notation and then we mention some impor-
tant consequences of the above assumptions.

3.4 Definition. B,,(X) denotes the linear space of real-valued mea-
surable functions v on X with a finite w-norm, which is defined as

(4) [lullw := sup u(x)|/w(x),
zeX

and M, (X)) stands for the normed linear space of finite signed measures
©on X such that

(5) 12l 1= / wdlp| < co.
X

Note that the integral [wudpy is finite for each u € B,,(X) and p in
M, (X), because, by (4) and (5),

| [l < fulla [ wdll = fullullallo < .

3.5 Remark. Suppose that Assumptions 3.2 and 3.3 are satisfied.
Then:

(a) For each pair (¢,9) € S; x S, the state (Markov) process {X;}
is positive Harris recurrent; hence, in particular, the Markov transi-
tion probability Q(+|z, ¢(x), ¥ (x)) admits a unique invariant probability
measure in IM,,(X) which will be denoted by ¢(¢,); thus

a(,)(D) = /X Q(D|z, é(x), o())a(¢,¥)(dz) VD € B(X).
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(b) {X:} is w-geometrically ergodic, that is, there exist positive con-
stants 6 < 1 and M such that

| [x u(y)Q"(dylz, p(x),¥(x)) —  [x u(y)a(e, ¢)(dy)]

< w(@)||ul|»,MO"

(6)

for every u € By (X), x € X, and n = 0,1,..., where Q™ denotes the
n-step Markov transition probability. This result follows from Lemmas
3.3 and 3.4 in [6] where it was assumed the positive Harris recurrence in
part (a). However, as shown in Lemma 4.1 of [15], the latter recurrence
is a consequence of Assumptions 3.2 and 3.3.

3.6 Assumption. There exists a probability measure v in IM,,(X)
(i.e. [wdy < o0) and a strictly positive density function g(zx,a,b,-)
such that

Q@Mm@zéﬂ%mmmww

for all D € B(X) and (z,a,b) € K.
Note that Assumption 3.6 implies 3.3 with A = .

3.7 Assumption. The transition density g(z,a,b,y) is such that

(7)  lim /X lg(z,a"™, 0", y) — g(z,a,b,y)|lw(y)y(dy) =0 VreX

n—oo

if a" — a in A(z) and 0" — b in B(z), where w(-) is the function in
Assumption 3.1(d).

The next two assumptions require that the game model (1) has a
so-called ARAT (additive reward, additive transition law) structure.

3.8 Assumption. There exist substochastic kernels @1 € P(X|IK4)
and @2 € P(X|IKp) such that

Q('|x7a> b) = Ql('|xa CL) + Q2('|xa b)

for all x € X, a € A(z), b € B(x). Further, Q1(D|z,-) and Q2(D|x, )
are continuous on A(z) and B(x), respectively, for each D € B(X).
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3.9 Assumption. For ¢ = 1, 2 there exist measurable functions
TZ'1:]KA—>IR, T‘Z'QZ]KB—>IR,

such that

(a) ri(z,a,b) = ri1(x,a) + rig(z,b) forallz € X, a € A, b€ B.
Moreover, for each z € X,

(b) the functions r41(x,-) and r;2(z, -) are continuous on A(z) and B(x),
respectively, and

(¢) maxye A(r) [rin (2, )| < w(z), and maxyep(q) [riz(z, b)| < w(2).

Observe that (c) and the condition v € IM,,(X) in Assumption 3.6
yield that

max |rj1(x,a)|y(dx) < oo, max |ry(x,b)|v(dx) < oo.
[ s [ra(e.0) (o) [ max [ra(a bl (do)

3.10 Theorem. Under Assumptions 3.1, 3.2 and 3.6- 3.9, there is a
pair (¢*,¢*) € S1 x Sy that is a Nash equilibrium.

The remainder of this work is devoted to prove Theorem 3.10.

4 Preliminaries

Suppose that one of the players, say player 2, selects a fized station-
ary strategy ¢ in S;. Then the game model GM in (1) reduces to a
Markov control model

(8) MCMI(w) = (Xv Aa KA>Q¢7T1,1/1)

where X, A and K4 are as in (1), and the transition law @y in
IP(X|IK4) and the reward function 71 : IK4 — IR are given by

Qu(-fr;a) = Q(|z,a,¢(x)) and 11 y(2,a):=ri(z,a,9(2)),

respectively. Then from Corollary 5.12 in [10], for instance, we get the
following,.

4.1 Lemma. Suppose that Assumptions 3.1, 3.2 and 3.3 are satisfied.
Then for each fixed 1 € So, there exists a stationary strategy ¢* € Sy
that is expected average reward (EAR) optimal for the Markov control
model in (8), i.e.,

(9) JH¢*, 9, x) = max JH(nt, ¢, x) = p}(¥) Ve X.

mlelly
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Moreover, there exists a function hé)*ﬂp € By (X) such that (p;(¢), hé*’w)
is the unique solution in R x By, (X) of the equation

PIW) + hge (@) = r1(z, 6% (), ¥(2))

(10) + Jx hie o W)Q(dy|z, ¢* (z), ¥ (2))

(11) = maXge p (o)1 (2, ¢, P (7))
+ [x W o (1)Q(dylz, 6, ()]

for all z € X, and such that [ hé*w(y)q(qb*,d})(dy) =0, with q(¢*,v)
as in the Remark 3.5(a).

In other words, (9) states that ¢* € Sy is an optimal response of
player 1, given that player 2 uses the fixed stationary strategy ¥ € Ss.
Similarly, we can obtain an optimal response ¥* € Sy of player 2 if
player 1 uses a fixed strategy ¢ € S;.

We now wish to express the optimal average reward pj(y) in (9),
in a more convenient form. We will use the following fact, which is
borrowed from Proposition 10.2.3 in [9)].

4.2 Lemma. Suppose that Assumptions 3.1, 3.2 and 3.3 are satisfied,
and let (¢p,) € S1 X So be an arbitrary pair of stationary strategies.
Then for i = 1,2 we have:

(a) The EAP in (2) satisfies that

(12) T (6, 0,2) = lim Jo (6,9, 2)/n = pi(,¥),
where
(13) pil(6, 1) = /X ri(w, ¢(x), (2))a(é, ) (d)

with q(¢,v) as in Remark 3.5(a).
(b) The function hés,w defined on X as

Ef’w [ri(we, p(@e), Y(xt)) — pi( @, )]

NE

é)’w(aj) =
t

Il
=)

belongs to B, (X), and, moreover, its w-norm is independent of (¢,1)):

(14) 17l < TM/ (1~ 6),
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where T is the constant in (3), and M and 6 are as in (6).
(¢) The pair (pi(¢, ), hf}s,w) is the unique solution in R x B, (X) of the
so-called Poisson equation

pi(d )+ iy (2) = i, B(x), ()

(15) + [y by (1) Q(dylz, 6 (), ¥ (x))

that satisfies the condition

[ #suwla(@,v)(dz) = 0.

5 Proof of Theorem 3.10

From (12) and Corollary 5.12(a) in [10], we can write pj (1) in (9) as
(16) PIW) = p1(¢7, ) = max p1 (¢, ).

Similarly, for each ¢ € S; there exists ¢* € S5 such that

(17) pa(9) = pa(¢,9") = max p2(, 1))

We next use (16) and (17) to introduce a multifunction 7 from
Sy x 8o to 251%92 as follows: for each pair (¢,1)) in S1 x Ss

(18)  7(d,9) == {(&", ") |p1(9", ¥) = p1(¥), p2(,9") = p3(d)}-

To complete the proof of Theorem 3.10 we shall proceed in two
steps, which is in fact a standard procedure (see Ghosh and Bagchi [5],
Himmelberg et. al. [11], Parthasarathy [23], for instance).

Step 1. Introduce a topology on S; (i = 1,2) with respect to which
S; is compact and metrizable.

Step 2. Show that the multifunction 7 is upper semicontinuous

(ws.c.), that is , if (1)(¢n, ¥n) = (oo, Vo) in S1 % Sa, and (ii) (o5, ¥5) €

7(¢n; ¥n) is such that (97, 97) = (¢%, V%), then (¢, ¥5) i In 7(¢oo, Yoo )-

From these two steps and Fan’s fixed point theorem (Theorem 1 in
[4]), it will follow that the multifunction 7 has a fixed point (¢*,4*) in
Sl X SQ, that is
(19) (6%, ¢%) € 7(¢", ¢%).

Finally, from (16) — (18) and (19) we shall conclude that (¢*,9*) is a
Nash equilibrium.
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In step 1 we shall use the topology introduced by Warga (see Theo-
rem IV.3.1 in [28]): Let F} be the Banach space of measurable functions
f K4 — R such that f(x,a) is continuous in a € A(z) for each z € X
and

LfI] = [ max |f(z,a)|y(dz) < oo,
X a€A(x)

with v as in Assumption 3.6. We shall identify two stationary strategies

¢ and ¢ in Sy if ¢ = ¢ ~v-a.e. (almost everywhere), and , on the other

hand, ¢ € 51 can be identified with the linear functional Ay € FY given

by

Ao(f) = [ [ flaa)o(dala)s(de).

Thus S; can be identified with a subset of F7', and endowing S; with
the weak® topology it can be shown that S is compact and metrizable
[28]. The set S is topologized analogously.

To proceed with step 2, suppose that

(20> (%J/Jn) — (¢oovwoo) in Sl X 527
and that

(21) (Ons¥n) € T(dn,¥n) Vn

is such that

(22) (P V) = (P50s ¥o0)-

By (21) and the definition (18) of 7, together with (10) (or (15)), for
all x € X we have

Pi(n) + hiy y, (2) =112, 05 (2), Un(@))

(23) + [x b . W)Q(dylz, ¢(x), ¥n(x))

and, similarly,

p5(dn) + 13 e (2) = ra2(, dn(), ¥ (2))
+ [x B3, W)Q(dy|z, b (@), 07 ().

Now observe that, by Assumptions 3.8 and 3.9, for each D € B(X),
the functions Q1 (D|z,a) and 71 (x, a) are in F, whereas Q2(D|z,b) and
ria(z,b) are in Fy. Therefore, by (20) and (22),

(24)

(25) [ ri(e.gn@ @) = [ e di@) vae)(do),
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and similarly for i = 2. Moreover, for any D € B(X),

(26) x QD61 (@), vu(@)y(dr) —
fX Q(D|‘T’ d)?;o(x))woo(l‘))’)/(d:l?),

and similarly for (¢n,¥}) — (oo, ¥5).

5.1 Lemma. There is a subsequence {m} of {n} and numbers p1 and
p2 such that

(27) P1(¥m) = p1(drs Ym) — P1
and
(28) 05(Pm) = p2(dm, y,) — P2

Proof: Let p;i(¢,) be asin (13). We next show that, for i = 1,2,

(29) pi(@, V)| < Tl[v]lw/(1—a) Y(¢, ) € 51 % S,

with 7 as in (3), and v and « as in Assumption 3.2. Clearly, (29)
implies (27) and (28) .

To prove (29), note that Assumption 3.2(b) yields

(30) [ ww)Qdyla,a.b) < aw@) + (1.
because (x,a,b) < 1. Now let (¢,1) be an arbitrary pair in S; x Sa.

Integrating both sides of (30) with respect to ¢(da|x) and v(db|x),
and then integrating with respect to the invariant probability measure

q(¢,) yields
[ et 0)ay) < a [ wma@,v)dy) + .
X X

and, therefore,

[ wwa(,v)(dy) < [Iv)u/(L = ).
The latter inequality, together with (3) and (13), gives

P B <y Ira(a, o), v(@)la(6, ) (da)
A

ININIA
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i.e., (29) holds. This in turn gives that the sequences {pi(¢},,¢n)} and
{p2(Pn,?})} are uniformly bounded , and so the lemma follows. O

For notational convenience, we shall write the subsequence {m} C
{n} in (27) and (28) as the original sequence, {n}. Moreover, let

(31) Un (") = hgs 4, (), and () = un(-) /w(-).
By (14), the constant mg := 7M /(1 — 0) satisfies that
|tn(z)] < mgo Vz,n.

Let U be the space of all y-equivalence classes of real-valued mea-
surable functions w on X such that |u(z)| < mg v-a.e. By the Alaoglu
(or Banach-Alaoglu) Theorem (see page 424 in [3], for instance), U is a
compact and metrizable subset of L>°() = L*(X,B(X),7) equipped
with the relative weak* topology o(L>®(7), L'(v)). Therefore, we can
assume that {a,} converges in the weak™ topology to some function
Uy in L(y). Let ui(z) := ty(z)w(x) for all x € X. Then, as in the
proof of Theorem 4 in [19], using Assumption 3.7, one can show that
as n — oo.

(32) max max y/ (un(y) — s (1))Q(dylz, a,)| = 0 Vi € X
ac€A(zx) beB(x

with u,(-) as in (31). In turn, (32) and Assumption 3.8 yield that

(33) mox max | / un(y) — us (1)) Q(dylz, §,0)] = 0 Va € X.

We also have the following.

5.2 Lemma. If (¢p, ¥p) — (P,1) in S1 X Sa, then, as n — oo,

(30 Ix Lxu@) QUdylz, 6 (@), vn(2)y(da)
= Jx Jx u(y)Q(dylz, ¢(x),1(x))v(dx)

for any function u € B, (X).

Proof: Choose an arbitrary function u € B,,(X). By definition of the
weak convergence of ¢, — ¢ and ¥, — ¥ in S1 and So, respectively,
and Assumption 3.8, to prove the lemma it suffices to show that the
functions

(35) (z,a —>/ y)Q1(dy|x, a)
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and

(36) (x,b) —>/ y)Q2(dy|x,b)

are in F} and Fy, respectively. With this in mind, first note that
Jx w(y)Qi(dy|z,-) is continuous in a € A(x) and b € B(x), for i =1
and 7 = 2, respectively, (see Lemma 8.3.7(a) in [9]). Moreover, by (4)
and Assumption 3.2(b) (using that S(z,a,b) < 1),

max | [ ()@@l )] < |lullo(@w(z) +[|v]l) Vo € X

Hence, as [ wdy < oo (by Assumption 3.6), the function in (35) is in
Fy. Similarly, the function in (36) is in Fh. O

By Lemmas 5.1 and 5.2, together with (25), (26) and (33), letting
n — oo in (23) we obtain v-a.e.

(37> o1+ U*(x) = ’[“1(:[;’ ¢;O($)’ ww(x))
+ [x ux(y)Q(dy|z, ¢35, (), Yoo (2))

= maxye p () [11(2, P, Yoo ())
+ [x us(y)Q(dy|x, ¢, oo (2))],

where the second equality comes from (10)- (11) replacing (¢*, 1) with

Finally, arguing as in the last part of the proof of Theorem 5.8 in
[10], let D € B(X) be the set with v(D) = 1 on which (37) holds, and
let hy : X — IR be such that h.(x) := u.(x) for z € D, and

he(a) = max 7@, 6, Uoe (@) + [ 0. 0)Qylz, 00 0(@)] — 1
pei(z)

for all = in the complement D¢ of D. As v(D¢) = 0, by Lemma 6.3 in

[10], we have Q(D¢|x,a,b) = 0 for all (x,a,b) € K. Therefore, (37)

holds for all z € X when wu.(+) is replaced with h.(-). This implies (by

Lemma 4.1) that

(38) p1 = p1(Yoo) = P1(D5: Yoo)-

An analogous argument using (21), (22) and (24) with obvious changes,
shows that

(39) p2 = p;(d)oo) = pQ(Cbom w;o)
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In other words, (38) and (39) state that, under (20)- (22), the pair
(P%, %) is in T(¢oo, Yo ), and so the set-valued map defined by (18)
is u.s.c. Thus, as was already noted, it follows from Fan’s fixed point
theorem that 7 has a fixed point (as in (19), say), which completes the
proof of Theorem 3.10. O
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